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Trace(AB) = ap + br+cq+ds = pa+ qc+ rb+ sd = Trace(BA).

(b) There cannot exist two 2 x 2 matrices A and B such that AB— BA = I, since
Trace(AB — BA) = Trace(AB) — Trace(BA) = 0 but Trace(l,) = 2.
(c) To extend this to n X n matrices, let A = (a;;)nxn and B = (b;;)nxn. Then
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(We put j =i to get an entry on the diagonal, and then sum these entries to find the
trace.)
Similarly
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These two expressions are equal — to see this, remember that i and k are “dummy
variables” in the summations, so we can change their names; if we exchange the names
i and k, and then interchange the order of summation, the first expression becomes the
second.

The proof that AB — BA = I, has no solution is the same as for n = 2 (using
Trace(l,,) = n).

4 The fact that A A B = B /A A is clear from the definition — the elements lying in A or
B but not both are the same as the elements in B or A but not both.

(A A B) AC consists of the elements lying in either A A B or in C but not in both,
which is the same as the set of elements lying either in all three of A, B,C or in just
one of them. [For such an element is either in A A B (that is, in one of A and B but not
both) and not in C, or else not in A A B (that is, in neither A nor B, or in both A and B),
and in C.]

Clearly A A (BAC) is the same.

The identity is @ since A A ) = A. (To say that an element lies in either A or ( but
not both is the same as to say that it lies in A.) The inverse of A is A, since AAA = 0.
(No element lies in either A or A but not both!)

For the distributive law, an element lying in A A B and also in C must liein ANC
or BN C but not both.

You may if you wish draw Venn diagrams to answer this part, but you must explain
how the Venn diagrams corresponding to the two sides of the equation are produced.



